Calculus Problems and Exercises

Problem 1

Find out if the sequence below is monotone, bounded, and find its limit:

_2n—1
T 2n+3

Qn

Hint. Rewrite the sequence in the following form:

_m+3-4 4
N T D e

Then obviously the sequence is monotone increasing, its upper bound is 1 (and this is the lowest possible),
further the limit is 1:

lim a, =1
n—oo

Problem 2

Determine the limit of the following sequence:

5n2 —3n+6

an:3n2+9n—4

Hint. Factor out the highest degree of n (i.e. n?) both from the numerator and the denominator, then
we get

~n? 5—-3/n+6/n?
=2’ 3+9/n—4/n?
Then the first factor is 1, while in the second factor the limit of the numerator is 5, and the limit of the
denominator is 3. Therefore

lim a, = =
n— 00 3

Problem 3
Consider now a sequence with parameters, and calculate the limit:

. aknk + cuﬂ,ln’“*1 + ...+ Qo
© Bnn™ 4 Bain™ 4+ By

n

where the coefficients oy and 3,,, are not zero.
Hint. Following the argument of the previous problem, factor out the highest degree of n in the numerator
and in the denominator. Then we obtain

lk_ g +ap_1/n+ ...+ ag/nk
"™ B+ Bm_1/n+ ...+ Bo/n™

ap =

Observe that the limit of the second factor is ay /S8, since all the non-constant terms converge to zero.

We can come up with the following statement:

0 ifk<m
lim a, = gifi if ke =m
n=oo ]| +oo if k>mand ag/Bm >0

—oo ifk>mand a/Bm <0



Problem 4

Find the limit of the sequence below:

_ —5n®+3n? —8n+6
 3n2—-12n+21

an

Hint. Based on the result in the previous problem, here we have k > m, and in addition the quotient of
the coefficients in the highest degree terms is negative, thus:

lim a,, = —o0
n— o0

Problem 5
Examine whether the following sequence is monotone, bounded and find its limit:

an =vVn?2+2—-n

Hint. Each term tends to infinity, so carry out the following transformation::

Vn2+2 242 - n? 2 2 1
= (VnEt2-m) Y2t _miAion

. — — < — ==
Vn24+24n Vn24+24+4n Vn?2+24n 2n n

In view of the Squeezing Theorem, this sequence converges to zero. It is easy to see that the sequence is
monotone decreasing, and its lower bound is zero (highest possible lower bound).

Problem 6
Create a sequence in the following recursive way: a; = v/2, az = V2 + v/2, and so forth

an =\2+\/2+...V2

where in the formula for a, there are n pieces of radicals. This is how a, is created from a,_; for

n=23,...
ap = \/2+an71

Find out if the sequence is monotone, bounded, and if so, find the limit!

Hint. It is easy to see that the sequence is strictly monotone increasing, since at every step we insert a
new radical.

By using Mathematical Induction, we show that the sequence is bounded from above, and 2 is an upper
bound. Indeed, in the first step a; < 2. Now if for any n we have a,,_1 < 2, then for the n-th element
we have

ai =2+4a,-1<4

which implies that a,, < 2 for every index n.

It follows that the sequence is convergent, and let us denote by A the unknown (but positive) limit, i.e.
a, — A. by the rule of creating the sequence we deduce for every n > 2

ai =24 a,_1
where a2 — A% and 2 + a,_; — 2+ A. Since the sides are equal for every n, we get
A*=2+4+A
The only positive solution of this quadratic equation is A = 2, therefore

lim a, =2
n—roo



ATTENTION!

In the first two steps of the solution, proving the monotonicity and the boudedness of the sequence are
profoundly important! Without showing this, the sequence is not necessarily convergent. For example, if
we consider the sequence in which a; = 1, and

Ap = 2051
then by jumping to the equation for the unknown A (and skipping the first two steps) we have
A=2A
whose only solution is A = 0, and that would mean that the limit is zero. However, this sequence is not

bounded, its explicit form is

an =2""1

and this is clearly not convergent, it tends to infinity.

Problem 7

Find the limit of the following sequence:

m+1 n+1
an =
2n+3
Hint. Inside the parentheses, divide both the numerator and the denominator of the fraction by 2n:

n
<1+1{f>”+1 (1+22) 141

R CEEETE (1+22)" 1422

n n

In the first factor, the limit of the numerator is e*/2, while the limit of the denominator is e3/2. The limit
of the second factor is obviously 1, consequently

lim a, = —% = —
nsoo e3/2 e

Problem 8
Determine the limit of the sequence below:

Hint. we can rewrite the sequence in this form:

- [0-3]

The limit of the sequence inside the brackets is 1/e ~ 0.367891..., and that means that starting from

some index N we have "
1
0.3 < (1 — ) < 0.4
n

for each n > N. By taking the n-th power of both sides

1 nan
0.3" < Kl — ) } < 0.4"
n

As we see, both the lower estimate and the upper estimate tend to zero. Therefore, by the Squeezing
Theorem we conclude

lim a, =0
n— oo



Problem 9
Find the limit of the sequence a,, = ¥/n.

Hint. Attention! This sequence is not monotone, verify it by direct calculation!

As a matter of fact, every element is geater than 1, so it is legal to write them this way:
an = VYn=1+h,
where h,, > 0 for every n. Raise both sides to the power of n:

nin —1)

2 h%

n:(1+hn)”>1+<;)hi:1+

where on the right-hand side we kept only the first and third terms from the Binomial Expansion, and
discarded all other positive terms. Regrouping the inequality we obtain

2
0<h<=
n
By making use of the Squeezing Theorem, we conclude that h2 — 0, and hence h,, — 0. Thus

lim a, =1
n—oo

ATTENTION!

Please make sure that keeping only the first and second terms from the Binomial Expansion is not
sufficient, we definitely need the quadratic term as well.

Problem 10

Compute the limit of the sequence below:

4t _2.67 453"
©3-6n— 7.5t 4on

Qn

Hint. Factor out the power with the highest base (i.e. 6") from the numerator and the denominator.
What we get is:
_4-(4/6)" —2+4+5-(3/6)"
I =335 (5/6)" + (2/6)n
Here the limit of the numerator os —2, since all the other terms tend to zero. Analogously, the limit of
the denominator is 3, because the other two non-constant terms converge to zero. Thus:

Jim =
Problem 11
Find the sum of the infinite series below:
o0
2k+2
S=2 5
k=1

Hint. If we factor out 4 from the sum, then get the terms of a geometric series with ratio 2/3. The sum

of that series is:
5 (2 - s
3)  1-2/3

k=0

Be careful, in our problem the summation starts from & = 1 and the term that belongs to k& = 0 is

missing. Thus:
oo
9k+2

S=>" s =4B-1)=8
k=1




Problem 12
Examine the convergence of the following series:

i b
= k2 + 2k
Hint. Divide the expression behind the sum sign into the difference of two fractions:
1 (1 _ 1)
k2+2k  2\k k+2
Then the n-th partial sum can be written like:
N1 1 1 11 11 1 1
Si=D e [(13>+<24>+<35)+'“+<nn+2)}

Observe that the negative and positive terms (in every second parenthesis) cancel each other. Only the
first two positive and the last two negative terms stay alive:

- 1 1 1 1 1
S, = e T .
" ;k%% 2( T T n+2>

This sequence is obviously convergent and its limit is 3/4. It follows that the series is convergent, and its
sum is

ad 1 3
S: —_— I —
;k2+2k 4

Problem 13
Find the sum of the following series:

=1
Do
k=2

Hint. As in the previous problem, we would like to express the term behind the sum sign as the difference
of fractions, but this is not so simple in this case. We do this:

1 _ A B C
B—-k k-1 k k+1

where A, B and C are unknown constants. Find the common denominator on the right-hand side:

1 AR +k)+B(k?>-1)+C(k*—-k) (A+B+C)k*+(A-C)k—B

k3 —k k3 —k k3 —k
Since the sides are identically equal, we get the system of equations:
A+B+C = 0
A-C =0
-B =1
The solutions are A = C =1/2 and B = —1. So, the n-th partial sum is:

n

" 1 1 1 2 1
S, = - . N T
S erm n i)

TS AU S U TS ANAS U T s WA S D
2 3 2 3 4 3 4 5 n—1 n n+1

As we can see, every negative term is cancelled by the last positive term of the preceding parentheses
and the first positive term of the succeeding parentheses. The terms that remain are:

1 11 2 1
Sn_-<1—1++n—+ >

This shows us that this sequence is convergent, and its limit is 1/4, hence

<1 1
2w r




Problem 14

Is the series below convergent?
(o]

2
= k2442

Hint. It is easy to verify that
k+2 1

k2 +k+2 = k+1

for each £ € N. The fractions on the right-hand side are the terms of the Harmonic series, with the
exclusion of the very first term. The Harmonic series is divergent, so, based on our sufficient condition,
our example is divergent as well.

ATTENTION!

It is worth noting that in the case of series of this type, if the magnitude of the fraction is k=, then
the series is divergent, if however, the magnitude is k=%, where > 1, then the series is convergent.
Summing up, it is vitally important how fast the k-th term converges to zero. We revisit these questions
in Chapter 9.

Problem 15
As we have seen in the lecture,
1
$=2 1z
k=1

is convergent, and for the sum we have S < 2. To prove this for every k > 2 we applied the upper

estimate
1 < 1
k2 k2 -k

Could we perhaps find a better estimate for the unknown sum?

Hint. Use the following more accurate estimate for the terms: k > 2

1 1

2 Seol

for every k > 2. This is how we divide the right-hand side into the difference of two fractions:

St v/t 1
-1 2 \k—1 k+1

Then, for the n-th partial sum we obtain:

Sn:;.[(1_;)+(;_i)+(§—§)+-~+(ni1-nil>}

Each negative term will be cancelled by the positive term in the second parentheses. What remains is:

which is convergent, and its limit is 3/4. Therefore, the n-th partial sum of the series in the problem:

n n

1 1 7
DSl moy<iti=;
k=1 k=2

w

S

for every n € N. Consequently

—~~

Remark: the exact value of the sum is S = 72/6 (but this is hard to prove!).



Problem 16

Decide whether or not the following series is convergent:
D
k=1

Hint. Use the Quotient-test:

Q41 (k+1)3 2k_<]€—|-1>3.1
2

a2 T Uk
If K — oo then the first cubic term converges to 1, thus:
Ak+1 1

lim =-<1
k—oo ap 2

We conclude that the series is convergent (but we do not know what the sum is).

Problem 17
An arbitrary real number z # 0 is given, and examine the convergence of the series:

x Lk

>

k=0
Hint. Exploit again the Quotient-test (keep in mind that x can be negative, so use absolute values):

_ =R ]

T (k41! Jz[F T k41

Ak+1
ag

If £ — oo then the expression on the right-hand side tends to zero, which is less than 1. Therefore, the
series is absolutely convergent for each real number z, and henceforth convergent as well.

Problem 18

Find out if the series below is convergent:

Hint. Try to use the Quotient-test again:

aper  (k \? (k+3\ [ K43k \°
ar  \k+4 k—1)  \k2+3k—4
The last fraction converges to 1 if & — oco. Indeed, the quotient of the coefficients of the quadratic terms

is 1. The Quotient-test gives us 1 as a limit, so, based purely on this, nothing can be said about the
CONvergencs.

However, if we take a look at the terms of the series, we can see that

. _(k—1\?
klingoak_klggo <k+3> =1

which means that a; does not converge to zero. The necessary condition is not satisfied, so the series is
divergent.

Problem 19

Examine the convergence of the series:

i < k—1 )’“
= 2k+3
Hint. Observe that for the base of the power we have:
k—1 - 1
2k+3 2

0<



By taking the k-th power of both sides we get:

o< (k-1 i _ (1 ¥
~\2k+3 2
for all £ € N. On the right-hand side of the inequality we have the terms of the geometric series with
ratio 1/2, which is convergent, and its sum is

i@)k:l—lm_l:l

k=1

Here in the sum formula for geometric series we need to subtract 1, because the term k& = 0 is missing.
Making use of the sufficient condition we deduce that the series is convergent, and for the sum we have:

< k—1 )k <1
1;1 2k + 3
ATTENTION!

As a practice, solve the problem by applying the Quotient-test! We will come up with the same answer.

Indeed:

arer (kN o2k3\F 23\ 4k "k

ar  \2k+5 k—1) \2k+5 k—1 2k +5
If k — oo then the first factor tends to e~!, the second to e, and the third to 1/2. Therefore the limit is
less than 1, and this implies that the series is convergent.

ATTENTION!

The advantage of the first solution is that it provides an estimate for the sum, while the second does not!

Problem 20
Is the series below convergent?

Hint. Try again using the Quotient-test:

aper (kN RN kY ok Nk

ar  \k+2 k—1) \k+2 k-1 k+2

If k — oo, then the first factor converges to e~ !, the second to e, and the third to 1. Hence, the limit is
1, and this way we cannot say anything about the convergence.

Examine however the terms of the series:

i i -1\" 1
imap=lim (| —— | =—
hooo BT koo \E+ 1 e?
that is a; does not converge to zero. The necessary condition is violated, so this series is divergent.

Problem 21

Find the following limit:
—323 4+ 222 + 152 —6
im
z—+oo 223 — 712 4+ 18z — 8

Hint. Factor out the highest degree of x from both the numerator and the denominator:

. oxd =3+42/x+15/2% —6/23
lim — -
z—too 3 2—T/x 4 18/x% — 8/a3

The first factor is 1, while in the second factor every term tends to zero, except the constant terms.
Hence, the limit of the fraction is —3/2. Therefore:

I —323 4+ 222 + 152 — 6 3
im = ——
z—+oo 23 — T2 4+ 182 — 8 2




Problem 22

The following problem is given with parameters. Find the limit:

. akxk—&—ak_lxk_l + ...+
lim
&—++00 Bmxm + Brn,flxﬂﬁbi1 +...+ 50

Hint. Just like in the preceding problem, factor out the highest degree from the numerator and the

denominator:
. o o +tap_i/r+... +ag/2F
lim — -
=400 ™ B+ Bm—1/x+ ...+ fo/x™
The limit of the second fraction is ay /S, because both in the numerator and the denominator every

non-constant term tends to zero. Thus:

0 iftk<m

I apx® +ap_1zF T+ o B 5,’1 ifk=m
s oo Bm@™ + Br_1xm 4+ ...+ By | too ifk>mand §=>0
—00 ifk>mand§‘k<0

Problem 23

In a completely analogous way, establish a formula for the limit below:

lim akxk + ak_lxk’l + ...+
z=—00 B, ™ + Br_12m L 4.+ By

Hint. Follow the steps of the solution in the previous problem, then we get:

lim gh-m . +ap_1/r+ ... +ap/zk
T——00 ﬂm—l—ﬂm,l/x—f—-l-ﬂ()/l'm

Keep in mind that an even power of z tends to +oo in —oo, while an odd power of = tends to —oo in
—oo. Based on this observation, we have:

0 ifk<m
%ﬁ ifk=m
gz + ap_1z"t+ . +ag ) +oo ifk>mand k—m even, and g= >0
e=00 B@™ + B1a™ L+ ...+ By —oo hak >m és k— m even, and g‘: <0
—00 ifk>mandk—modd,and%>0
400 ifk>mandk:—m0dd,and§‘f’;<0

Problem 24

Based on our previous result, find the limit below, just by "taking a close look":

. 425 — 62t + 23 — 1322+ 282 — 5
lim
Tr——00 —21]}2 —|— 14.13 — 22

Hint. In this problem £k — m = 5 — 2 = 3 > 0 is odd, further the quotient of the main coefficients is
—4/21, which is negative, so apply the formula from the previous problem:

42° — 6t + 23 — 1322 + 282 — 5 _

I
2 Do o142 1 14z — 22 oo
Problem 25
Determine the following limit:
. sin2x
lim
z—0 3x

Hint. Rewrite the expression in this form:

sin 2x sin2x 2

3z 2z 3



where z # 0. Then we immediately see:

sin 2x 2
im = -
z—0 3x 3

With different numbers the solution can be carried out in an analogous way.

Problem 26
Examine if the following limit exists:

I V1 —cos?zx
im —~—

x—0 xT
Hint. If we take the square root, we obtain:

\/1—cos2m_|sinx|_{ sing if x>0

T
xT x

—snz if <

x

since sinz is an odd function. Then the right-hand side limit is 1, while the left-hand side limit is —1.
Then the two one-sided limits do not coincide, therefore, the limit does not exist.

Problem 27

Consider the function
z+1

fla) =2

and determine the one-sided limits at x = 2.

Hint. Take a sequence x,, — 2, x, < 2 arbitrariliy. In that case the denominator is negative and tends
to zero, while the numerator is positive and tends to 3. Thus, the left-hand limit is —co. We can argue
very similarly to demonstrate that the right-hand limit is +o0o. Summing up:

z+1 x+1

lim = —00 and lim =
m—>2—x72 z—>2+x72

+00

Problem 28
Investigate the limit:

1 T
lim (1 + )
r—+o0 €T

If z > 0 is a given number, then choose an integer n so that n < x < n+ 1. It can be shown that

1 n 1 x 1 n+1
(15) =(+2) < (i)
n T n+1

Based on the facts that we studied about sequences, and by using the Squeezing Theorem, we can state:

1 x
lim <1 + > =e
r—+00 X

Using a very similar argument we can show that

1 xr
lim (1 + ) =e
T——00 €T

Moreover, if « is an arbitrarily given real number, then

lim (1 n Q)I — o
o

r—+oo

Making use of these observations find the following limit:

. 3z +5\"
lim
z—+o0 \ 3T + 2

Hint. Just like in the case of sequences, carry out the following transformation:

(33@—1—5)7”_ (1+22)

3x+2 (1+27/3)””



where we divided both the numerator and the denominator by 3z. By using the results above, we conclude
that the limit of the numerator is €/, and the limit of the denominator is €*/3. By taking the quotient

of the two limits, we receive:
i 3r+5\" /3
im (—— | =—x=c¢
z—+o0o \ 3z + 2 e2/3

Problem 29
Find all parameters a and b so that the function f is continuous everywhere:
bs;% ifx <0
flx)=¢ b—a ifz=0

e 1 p ifr >0

Hint. It is immediately clear that f is continuous at all points = # 0. For the continuity at z = 0 we
need the existence of the limit at this point, and limit must coincide with f(0), the value of the function
at z = 0.

The function has one-sided limits at = 0. In particular, the left-hand limit is:

. . bsinz b
A= =3
and the right-hand limit is:
. . 1 —coszx 1
i )= Jig b= g

The limit exists if and only if the one-sided limits agree, that is:

b 1
I N
2 +2

where the only solution is b = —1. Then the limit of f at x =0 is

lim f(z) = lim f(z) = lim f(z) = L

r—0— x—0+ x—0 2

ATTENTION!

The existence of the limit at = 0 has nothing to do with f(0). The function does not even need to be
defined at X = 0!

The function f is continuous at = 0 if and only if its limit here is the same as its value, i.e.
F0)=b—a=—1-a=lim f(z) = —
b= —lmas g f@) = -
from where we get a = —1/2.

Problem 30
Find the following limit:
lim (vVz?2 +2 —x)

T—>00

Hint. Both terms of the difference tend to infinity, so carry out the following transformation:

. — = < — = —
V2 424z V224242 V2424 z 22 0w

By using the Squeezing Theorem, we immediately see that limit is zero:

lim (Va?2+2—2)=0

T—r0o0

Va2 +2 2492 g2 2 2 1
(\/mfx) ¢+ 24+ x° + x

(This problem is completely analogous to a problem on sequences. Scroll up and check it!)

Problem 31
Find the derivative of the following function:

F(z) = (227 — 622 + 122 — 8)°



Hint. Introduce the notations:
fly)=9® és g(x) =22 — 622 +122 -8
then the function F' can be given in the form F' = f o g. Hence, by the Chain-Rule:

F'(z) = f'(g(z)) - ¢'(z) = 8 (22° — 62* + 122 — 8)7 - (62 — 12z + 12)

Problem 32
Calculate the derivative of the function below:

222 -5z +6 6
F = —
() ( 3+ 7 )

Hint. Now, if we use the following notations:

222 — 52 +6

fy)=9° és ga) = 217

then we can see that F' = f o g. Making use of the Chain-Rule and the Quotient-Rule we get:

oo (202 =50 46\" (4o —5)Br+7) — (222 —5246)-3
Flz) = ( 3z +7 > Bz +7)2

This latter expression can further be simplified.
Problem 33
Find the derivative of the following product:

F(z)= 3z —7)% (52 +1)°

Hint. We differentiate the powers as we did in the previous exercises. Further, we exploit the Product-
Rule:
F'l(z) =8Bz —7)"-3-(524+1)° + 3z —7)®-6(52+1)° -5

Problem 34

Determine the derivative of the function f(z) = sinz at an arbitrary point = € R.

Hint. As we have seen in today’s lecture, f is differentiable at + = 0 and f’(0) = 1. Consider now the
difference quotient of f at an arbitrary point x:

fx+h)— f(x)  sin(x+h)—sinz sinxzcosh+ cosxsinh —sinz
h N h B h
. cosh —1 4 cos sin h
= sing—— x
h h

where we relied on the additive rule. In the first term of the second line

cosh—1 . cosh—1 1
iy e =0 g =0
while in the second term
. sinh
lim =1
h—0 h

Therefore, the limit of the difference quotient is
o S+ )~ f(@)
h—0 h

=0-sinz+ 1 cosz
and that means f’(x) = cosz.

Problem 35
Find the derivative function of f(x) = cosz.



Hint. In view of the identity f(x) = cosx = sin(x + 7/2), the Chain-Rule yields:

f'(z) = cos(z + g) ‘1= —sinx

Problem 36

Calculate the derivative of the tangent function, f(z) = tanzx.
Hint. As is well known,
f(z) =tanz = ST yhere l‘#z—i-k'ﬂ', keZ
cos T 2

Apply the Quotient-Rule at all points of the domain:

cos? x + sin? z 1

f'z) = =

cos? x cos? x

Problem 37

Consider the function
f(z) = (1 +sin®2)(1 + cos® z)

and find its derivative.

Hint. Apply the Product-Rule, and use the Chain-Rule for the quadratic trigonometric expressions. Then
we obtain
f'(x) = 2sinz cosz(1 + cos? z) — (1 4 sin’z) - 2 - coszsinz

By using the double angle formula, this expression can be given in a simplified way:

2

1
f'(x) = sin 2z - (cos® x — sin® x) = sin 2z - cos 2z = 5 sin 4z

ATTENTION!

When calculating derivatives of trigonometric functions we may get various results depending on the
ways we found the derivative. If our calculations are correct, then obviously all results are identical (but
sometimes this is not easy to recognize).

For instance, in the example above, first carry out the indicated multiplication, and then differentiate
the product. Verify, that this way you have the same result.

Problem 38
Examine if the following function is differentiable at the point z = 0:

f(z) =|z| - sinx

Hint. Write the difference quotient at z = 0:
f(0+h)—f(0)_|h|-sinh_{ sinh ifth>0

h - h —sinh ifh<0

It is easy to see that here the right-hand limit and the left-hand limit coincide, their common value is
0, and consequently, the difference quotient admits a limit at 0. Thus, the function is differentiable at
2 = 0 and the derivative is f/(0) = 0.

ATTENTION!

We cannot use the Product-Rule for proving the differentiability of f, because the first factor is not
differentiable at the point z = 0!

Problem 39

Find the unknown parameter a so that the tangent line to the graph of the function

f(z) =2z + ax?®



taken at = 1 passes through the point P(3,20).

Hint. At x =1 we have f(1) = 2 + a. On the other hand, the derivative of the function is
f'(z) =2+ 3ax?

and its value at © = 1is f’(1) = 2+ 3a, this is the slope of the tangent line. The equation of the tangent
line at x =1 is given by

y=02+3a)(z—1)+2+a
The tangent line passes through the point P(3,20) if and only if the coordinates of P fulfill the equation
of the tangent line. By substituting the coordinates we get the simple linear equation:

20=(243a)3—1)+2+a=06+Ta

where the only solution is a = 2.

Problem 40

Consider the cubic function:

6 1 271
Find the point on the graph of the function, where the tangent line is perpendicular to the line with
equation y = 2z + 9.

Hint. Let us denote the unknown point on the graph by P(a, f(a)). The slope of the tangent line at this
point is
2
)= L 52,3
fla)=75 -+ +5

The necessary and sufficient condition for perpendicularity of two straight lines is that their slopes are
negative reciprocals of each other. That gives us

a? 5a 3 1

2 2 2 2
In a simplified for we get the quadratic equation
a>—5a+4=0

that possesses two solutions: a; = 1 and ay = 4. This tells us that we found two points with the given
property: Pi(1,1/2), and P»(4,—41/12).

Problem 41

Find the derivative of the function below:

F(z)=Inv1+ 2?2

Hint. Verify that the function is defined on the whole real line (and it is nonnegative). Observe that F
is the composition of three functions: the 1 + z2, the square root, and the logarithm, in this order. By
applying the Chain-Rule:
1 1 T
= . 20 = ——
VI+a? 21+ a2 l+x

We could have gotten the derivative easier, by using this identity:

F'(x)

F)=Inv1+422= %ln(l + ?)

Please verify that this way we get the same result.

Problem 42

Calculate the derivative of the following function:

F(z) = (2 + 33:)62“”_12



Hint. Use the product rule of differentiation, and keep in mind that we need the Chain-Rule when finding
the derivative of the secod factor:

2

F'(z) = (22 +3)e® " + (2% +32)(2 — 22)e2* " = (—22% — 42% + 82 + 3)e2* 7

Problem 43
How can we find the derivative of this function:

Flz)=2" x>0

Hint. Make sure that neither the rule for power functions, nor the rule for exponential functions can
directly be applied. Therefore, we use this trick:

F(I):xm:<elnm)m:€zlnz >0
In this form the Chain-Rule can be applied:
Fl'(z)=e"™% . (Inz +1) = 2%(Inz + 1)

where we used the product rule when differentiating the exponent. We will follow the same method when
we compute the derivatives of power function, where both the base and the exponent are functions of x.

Problem 44

Following the idea of the previous problem, find the derivative of this function:
Flz)=<z >0
Hint. Just like in the preceding exercise, rewrite the function in this form:
_ Inz\1l/% _ Lipg
F(z)= (") =e> x>0

Then carrying out a similar calculation, we get:

1 1 1
F’(x):ealnlnl-( —M):\T/E-Q-(l—lnx)

2 2

Problem 45

Examine if the function
f(x) = zel

is differentiable at x = 0.

Hint. Take the difference quotient at = = 0:

f(h)—f(0) [ e hah>0
T et ha h <0

The one-sided limits of this expression exist, and both the right-hand and left-hand limits are 1. Therefore,
the function is differentiable at 0, and f’(0) = 1.

Based on this observation, the function is differentiable everywhere, and its derivative is

o Q1—x)e ® hax>0
f(x)_{ (1+x)e” haz <0

ATTENTION! This very last formula can only be posted, if we verifyed the differentiability at « = 0! We
cannot use the Chain-Rule for proving the differentiability of f, because the exponent is not differentiable
at the point z = 0!

Problem 46

The function f(z) = sinz is not one-to-one, and hence, it does not have an inverse. However, if we
restrict the domain to the interval [—7/2,7/2], then the function becomes one-to-one (and its range is



the interval [—1,1]), and hence, it posseses an inverse. This inverse function is called the "arc sine"
function, and its notation is

fHy) = arcsiny
ATTENTION! Sketch the graph of the inverse!

Let y be an interior point of the interval [—1, 1], and find the derivative of the inverse function at y. Take
the point x € [—m/2,7/2] for which y = sinz. Since y was an interior point, therefore, x is going to be
an interior point of the interval [—m/2,7/2]. For such interior points we have f’(x) = cosx # 0. Thus,
we can use the differentiability theorem for the inverse function:

1 1 1 1
f'(x) cosx \/1 —sin’z \/1 —y?

because in the entire open interval (—m/2,7/2) we have cosx > 0. Thus, we obtain

where —1 <y < 1.

Problem 47

The function f(z) = cosz is not one-to-one, and hence, it does not have an inverse. However, if we
restrict the domain to the interval [0, 7], then the function becomes one-to-one (and its range is the
interval [—1,1]), and hence, it posseses an inverse. This inverse function is called the "arc cosine"
function, and its notation is

f~Y(y) = arccosy
ATTENTION! Sketch the graph of the inverse!

Let y be an interior point of the interval [—1, 1], and find the derivative of the inverse function at y. Take
the point « € [0, 7] for which y = cosz. Since y was an interior point, therefore, = is going to be an
interior point of the interval [0, 7]. For such interior points we have f’'(x) = —sinz # 0. Thus, we can
use the differentiability theorem for the inverse function:

VPRSI NS N
(f ) (y) = f’(m) T sinxe m 1 _y2

because in the entire open interval (0, 7) we have sinz > 0. Thus, we obtain

where —1 <y < 1.

ATTENTION! It is interesting to notice that the derivatives of the functions arcsinz and arccosz are
the negatives of each other, so the derivative of their sum is zero.

This is not surprising in view of the fact that for every x we have
cosx = sin(g —x)
This means that if for a given point y € (—1,1) the point x € (0, 7) fulfills
.

Yy =cosx = sm(§ —x)

then for the inverse functions we obtain
T = arccosy moreover g — x = arcsiny
Adding up the two equalities we get
. 7r
arccosy + arcsiny = 3

This tells us that the sum of the two functions is constant. Consequently, its derivative is zero.



Problem 48

Now we consider the tangent function f(z) = tanz. This one is not invertible either, for it is not one-
to-one. However, if the domain is restricted to the open interval (—m/2,7/2), then we get a one-to-one
function (whose range is the entire real line (—o0o0,00)). The inverse of this function is called the "arc
tangent", and its notation is:

fH(y) = arctany
whose domain is the whole real line (—o0, 00).
ATTENTION! Please sketch the graph!

Recall that the derivative of the tangent function is:

1

!
= 0
Fla)=—5_#
on the open interval (—m/2,7/2), so we can apply the inverse differentiability theorem:
1 1 1
—1\/ 2
= =cos‘z = =
() W) f!(x) 1+tan’z 1+ y?

for every point y € (—o0, 00).

Problem 49
Find the following limit:

Lo VA+ 2?2 -2
lim ——M—

=0 1 —cosz
Hint. At x = 0 the fraction is of the form 0/0, so use the L’Hopital-Rule:
A4 x2 -2 . x/VA+ a2
lim —mmM = lim ————
z—=0 1—cosx z—=0  sinx

which is still of the form 0/0. Apply the L’Hopital-Rule again:

VAtz2—2? /\/A+22
. x/VA+ a? ) —4+wz{
lim ——=lim ——M*
z—0 S x z—0 COS T

In this expression the limit of the numerator is 1/2, while the limit of the denominator is 1, hence

i Vd+z2-2 1
im — = —
z—0 1 —-cosz 2

Problem 50
By making use of the L’Hopital-Rule, determine the limit below:

lim zlnz
r—0+

Hint. Rewrite the expression as a quotient and then use the L’Hopital-Rule:

1 1
lim zlnz = lim — = lim /@ = lim (—2)=0
z—0+ z—0+ 1/.7; z—0+ —1/3:2 z—0+
Problem 51
Find the following limit:
li_>m e "

Hint. First express the function in the form of a quotient, and then apply the L’Ho6pital-Rule twice in a
TOwW: )
lim z%¢e”* = lim 2 — lim 2z = lim 2 =0

T—00 z—oo eT z—oo ¥ z—o0 e¥
We can see from the procedure that the result remains true if the quadratic factor of x is replaced by any
higher power of x. Indeed, by taking the derivative of the numerator sufficiently many times the power
of = will disappear, while the denominator remains e” in each step. Thus, for any integer n we have:

lim z"e ™ * =0
Tr—r 00



Informally, this phenomenon can be interpreted by saying that e* "tends faster to infinity" than any
power of x.

Problem 52

How should we interpret the power 0°? On the one hand, we may say it should be zero, because any
power of zero is zero. But on the other hand, way may also say that it should be 1, because the "zero
power of any number is 1". Which one is more reasonable?

We believe that we make the right decision if our choice makes the function

fx) = a®
continuous from the right at z = 0, that is there should not be a "gap" on the graph. (It cannot be
continuous from the left, because the function is not even defined on the negative part of the real line.)
Find the right-hand limit of f at z = 0:

lim 2% = lim e*™% =1
x—0+ x—0+

since the limit of the exponent is 0 (we refer to an earlier problem).

ATTENTION! Here we relied on the continuity of e* at 0, which is well known, since it is even differen-
tiable at that point.

Therefore, the reasonable choice is 1.

Problem 53

Consider the function:
flx)=2 -2 -1+ (2* =52 +6)lnx

Does there exist a point a € [2,3] so that f/(a) = 4?
Hint. Let us try to find a solution to the equation
1
fl(x)=2x—1+ 2z —5)Inz+ — (2 —5x+6) =4
x

in the interval [2,3], which is obviously impossible. This equation cannot be solved with algebraic
manipulations.

However, if we realize that f(2) =1 and f(3) = 5, then by Lagrange’s Mean Value Theorem we can find
a point a € [2, 3] for which

fG) =12 _,_ »
) = )
Thus, the equation has a solution in the interval [2, 3].

ATTENTION!

Second solution. We could have argued the following way. Examine the derivative function at the
endpoints of the interval. Then we find

f(2)=3—-In2<4 moreover f'(3)=5+1In3>4

Since the derivative function is continuous, by Bolzano’s Theorem there exists a point a € [2, 3], so that

f'(a) = 4.

Problem 54

Find the monotone segments of the function

and find the extreme points (if they exist).

Hint. Calculate the derivative:
fl(x) =22e™® — 2% " = (20 — 2%)e ™™

Obviously, we have two critical points: x; = 0 and x5 = 2. By examining the sign of the we come to the
following conclusion:



o if —co < x <0, then f'(z) < 0, hence f is strictly monotone decreasing,
e if 0 < <2, then f/(z) > 0, hence f is strictly monotone increasing,

e if 2 << 400, then f/(x) < 0, hence f is strictly monotone decreasing.
As we see, the derivative changes the sign at both critical points, therefore:

e f has a (global) minimum at z; = 0,

e f has a local maximum at xzo = 2.

It is easy to see that the maximum point x5 = 2 is not global. In fact, the function is not bounded from

above, since

2 —x

lim z%e™® = 400

T——00

Incidentally, by the L’Hopital-Rule we also have:

lim z%e =0
x——+00

(compare with an earlier exercise).

Problem 55
Find the convex and concave segments of the function above, and find the points of inflection.
Hint. The second derivative of the function is given by:
f(x)=(2—-2x)e™® — 2z —2%)e ™ = (2® — 4o+ 2)e™”
The zeros of the second derivative are:
$1:2—\/§ and m2:2—|—\/§

By examining the sign of the second derivative we come to the conclusion:

o if —0o <z <2—1+/2, then f’(x) >0, and f is convex,

o if 212 <z <2++/2, then f’(x) <0, and f is concave,

e if 24+ /2 <z < +o0, then f/(z) > 0, and f is convex.

Therefore f” changes the sign both at x1, and x5, and that means that both are inflection points of f.
ATTENTION! See the file Figures.pdf for the graph of the function!

Problem 56
The following function is defined with an unknown parameter a.

f(x)=2az+Inz x>0

Determine the value of the parameter a so that the function has a local maximum at = = 1/2.

Hint. The derivative of the function is {
f'(w) =20+ -
X

The derivative is zero at the local maximum point, so at = 1/2 we necessarily have
20+2=0

and this means a = —1. We have not finished yet, because we need to verify that the point z = 1/2 is
really a maximum point. Take the second derivative:

1
1
T)=——
1@ = -
and this is negative everywhere, therefore the critical point is really a maximum point and a = —1 is the

only solution to the problem.



Problem 57

Find the monotone segments of the following function:

Find the extreme points as well (if any).

Hint. The derivative function is:

_1+a® - 328 1— 223

S e e G

As the denominator is positive, the sign of the derivative depends on the sign of the numerator. The
summary is the following:

e if —0o <z < —1, then f'(x) > 0, and f is strictly monotone increasing,
e if -1 <z < 1/{/2, then f’(x) > 0, and f is strictly monotone increasing,

e if 1//2 < 2 < o0, then f'(z) < 0, and f is strictly monotone decreasing.

Since the derivative changes the sign at the critical point z = 1//2, the function possesses a local
maximum at that point.

ATTENTION! At z = 1/+/2 the maximum is local, but not global! Indeed, at the point z = —1 is not
defined, but its one-sided limits are:

li o d 1 v
x—>lr—nl—1—|-x3_ oo an x—gr—r11+1—|—x3_

and consequently, the function is neither bounded from above, nor from below.

ATTENTION! Although the function f is strictly monotone increasing both on (—oco,—1) and on
(—1,1/+/2), that does not mean that f would be strictly monotone increasing on the interval —oo, 1//2).
In fact, the point x = —1 is not in the domain! See the remark above about the one-sided limits here!

Problem 58
Find the convex and concave segments, and the points of inflection of the function above.

Hint. Determine the second derivative for all x # —1:

 —62?(142°)? — (1 —22%) - 2(1 4+ 2°) - 32®  622(2® —2)

(@) (L+ 293 TR

The second derivative has two roots: z; = 0 and x5 = /2. The signs are:

o if —oo < x < —1, then f”(z) >0, and f is convex,
e if -1 <x <0, then f”(z) <0, and f is concave,
e if 0 < 2 < V/2, then f”(2) <0, and f is concave,

o if /2 <z < 400, then f”(x) > 0, and f is convex.

As we can notice, at the point z; = 0 the second derivative does not change the sign, and hence, this is
not a point of inflection. At the point x5 = /2 however, f” changes the sign, so this a point of inflection.

ATTENTION!

Can we say that the function is concave on the whole interval —1 < z < /2?7 See the comment to the
previous problem, where the answer to a similar question was NO.

The answer here is YES, since the function is continuous on the whole interval, and in addition at every
interior point we have f”(x) < 0.

See the graph of this function in the file Figures.pdf!



Problem 59
The function below is given with an unspecified parameter a.

f(z)=2az+Inz x>0

Find the value of the parameter a such that the function is monotone decreasing on the open interval
(0, 1)!

Hint. The derivative of the function is: .
fl(@)=2a+ -
T

We are looking for a parameter a so that f is monotone decreasing on the open interval (0,1), which
means

1
f’(x)zQa—l—E <0

for each 0 < z < 1. If z is sufficiently close to the point 0, then the derivative can take arbitrarily large
positive values, therefore, the derivative will be certainly positive regardless of the value of the parameter
a. Thus, such a parameter does not exist.

Problem 60
Analyze the function

f(z) = ze™™

and find the extreme points.

Hint. The derivative of the function is:
Fla)=e® —22% " = (1-222)e *
As we can see, the function has two critical points:

1
1 =—— and x5 =

V2

By examining the sign of the derivative, we obtain:

1
V2

e if —0o < x < —1/v/2, then f'(x) <0, and f strictly monotone decreasing,
e if —1/v/2 < 1/4/2, then f'(x) > 0, and f is strictly monotone increasing,
e if 1/1/2 < 2 < +o00, then f'(z) <0, and f is strictly monotone decreasing.

This gives us that x; is a minimum point, and x5 is a maximum point, and in addition both are global!
ATTENTION!

We could have proceeded like recognizing that f is an odd function, i.e. it is symmetric with respect to
the origin. Please verify, it is easy!

So we can focus our attention to the positive half line, anything that is a (global) maximum point, its
negative on the negative side is a (global) minimum point. Please think about it!

Problem 61

Imagine that we consider the numbers
15 \/57 \3/§7 \4/117 s (L/,E,

What do we think, which one of those is the largest?

As a matter of fact, is this a correct question? For infinetely many numbers there is not necessarily a
largest!

Hint. Consider the sequence

n

a, = UYn

On the one hand a; = 1, on the other hand, we have seen before that

lim a, =1
n— oo



By the definition of this limit, we can say that there exists an index NV, such that
1<a, <14+0.01

if n > N. Therefore, there certainly exists a largest element in the sequence, because it can be selected
from the first N (finitely many) elements. Thus, the question is correct.

Turn to the selection of the largest element. Consider the following function on the positive part of the
real line:
fl@)y=2" >0

At integer values this function takes the elements of the sequence. Since
f(.%‘) — xl/z — elnz/x
then by the Chain-Rule:

1 1 e 1 o
f(x) = ( - 1nx> e/ — —(1 — Inz)em/®

R T
Obviously, the only critical point is x = e. The first and the last factors are always positive, so we deduce

e if 0 <x <e,then f/(x) >0, and f is strictly monotone increasing,

e if e <z < +00, then f'(z) <0, and f is strictly monotone decreasing.

Therefore, the function f takes its global maximum at the point x = e. Since e = 2,7182..., we conclude
that largest element of the sequence a, can only be at n = 2 or n = 3. This is decided by direct

comparison. Clearly
V2 < V3

so we have the largest element for n = 3.

Problem 62

Find the indefinite integral on the interval x > —2
/ (3x2 — 4z + \/m) dx
Hint. Integrate term by term:
/(3m2 —dz+ Vo +2) de=1" —2x2+§(ﬂc+2)3/2+0
Note that the square root means a power of 1/2.

Problem 63

Find the primitive function:

/ sin 2z dx

Hint. By the duble angle formula sin 2z = 2sinx cos and this is precisely the derivative of sin® z (use
the Chain-Rule), thus

/sin?xdw =sin’z+ C

Second solution. We could use the formula
2 !
(— COS2 x) = sin 2z

2
/sin2mdm= —COS2 < +C

and hence

ATTENTION!



We used two different procedures and came up with two different functions. Which one leads to the
correct solution? Answer: both. Indeed, the functions differ only in an additive constant:
cos2z 1 . 1 . 1 1

= fsm2x—70052m:sm2m—f(sinzx—I—coszx) =sin®z — -
2 2 2 2 2

Problem 64
Evaluate the definite integral:

1
5
/ gy
o 1+=x
Hint. Rewrite the integral this way:

1 1
bx 5 2z
T ge=2 =g
/0 T+22 % 2/0 T+22 %

In the latter integral the numerator is exactly the derivative of the denominator. In this case the fraction
is the derivative of the logarithm of the denominator, that is:

2x

(ln(l + xz))/ = 1122

Verify this by using the Chain-Rule! The Newton-Leibniz-formula gives us

1
Sz 5 15
dz = 2 [In(1 =22
/01+x2 5 [ +2%)], = 5ln

ATTENTION!

The above method can always be applied whenever f(z) > 0, and the integrand is of the form f'(z)/f(z).
In this case the primitive function is In f(x). For example:

. 2 72 ]
/&dm:7/Md;p:71m(1+coszx)+c
1+ cos?x 1+ cos?x

Problem 65
Another useful observation is (assume that n # —1):

/f(x)” i =T o

n+1

Verify it by exploiting the Chain-Rule! For instance:

/3x(5 +2?)3dr = 2/2;10(5 +2?)3dr = 2(5 + )t 4 C

or very similarly in the definite integral below:

2
2
/2x2\/1+x3dx:§/ 32°\/1 + a3 dx =

0 0

by the Newton-Leibniz-formula.

2 2 2 4 104
el B2 = Z(21—1) = —
3 3[ +7) ]0 g(2T- D=1

Problem 66

Carry out integration by parts in the problem below:

U
/ z2 cos z dx
0

Hint. Obviously, the correct allocation of roles is f/(x) = cosz, and g(r) = x2, then

™ T
. U .
/ 2% cosx dr = [:r2smm]0 —/ 2z sinz dx
0 0



We clearly have zero in the brackets. On the right-hand side use integration by parts again:
/ 2z sinz de = [—2x cos z] —|—/ 2coszdr =27
0 0
because the last integral is zero. Finally

T
/ 22 coszdr = =27
0

Problem 67
Evaluate the definite integral:

1
/ arctan z dx
0

Hint. We use integration by parts in a smart way: set f'(z) = 1 and g(z) = arctan . Then the function
arctan x has to be differentiated instead of integrating. Therefore,

T

1 1
/ 1-arctan x dz = [z arctan x][l) - / ——dx
0 0

22 [ln(l—i—x )]1

I
%\ﬁ
l\D\»—l

A very similar trick is applied for finding the primitive function of arcsin x

/mdx—xarcsmx—kvl—ﬂ—kC

in the open interval (—1,1). In the last integral we used the fact that

/ 1-arcsinz dr = rarcsinz —

x
V1—2?
is precisely the derivative of /1 — z2. Verify this!

In an analogous way we can find the primitive function of arccos x as well. Homework!

Problem 68
Use substitution in the following problem:

/51&3\/2 +thdt
Hint. Introduce the substitution: # = g(t) = 2 + t*. Then ¢'(t) = 4t3. Set f(x) = \/z, so:

/5t3\/2+t4dt = §/4t3mdt: §/g'(t)\/g(t)dt
= /fd;z; ~2¥? 40 = 6(2+t4)3/2+0
where we performed the backsubstitution as well.

Problem 69
Consider now a substitution in a definite integral:

/2 -
[ty
0 14 sin“t¢

Hint. The convenient substitution in this integral is:

1

x=g(t)=sint ¢'(t)=cost and f(z)= a7

Carry out the substitution:

/2 cost /2 /2 g'(t)
g = ") f(g(t dt:/ I

1 1
1 1 s
/0 flx)dz = /0 mdw = [arctanz], = 1



Observe how we changed the bounds of the integration!

Problem 70

Take a look at a substitution the other way:
1
/ V1 +xdr
0
Hint. Apply the setting © = g(t) =t — 1, then ¢’(¢t) = 1, and hence

1 2 2 2 2 2
/ V1 + zdr = / (t—1)Vtdt = / (t3/2 _ t1/2) dt — [5165/2 _ ts/z]
0 1 1

3 1

that we can evaluate by plugging in the bounds (skipped). Please observe again, how the bounds of the
integration are changed!

Problem 71
Find the solution to the linear differential equation

y = —2y+2
y(0) = 1

(also called initial value problem).

Hint. Use the Cauchy-formula:

y(t) = 72 <1 + /Ot 2620 ds> =2 (14 [e]5) =1

So the only solution to the problem is the constant function y = 1.

Problem 72

We can extend the solution method to linear differential equations with non-constant coefficients the
following way.

Suppose that a and b are continuous functions on the interval I, and consider the initial value problem
Yy = a(t)y+b(t)
y(to) = o

where ty € I and yo € R are given. Introduce the notation

A(t) = / t als) ds

to

and multiply the equation by the function e~4(*). Rearrenging the terms we get
!
y'e= A (e A0y = (yefA(t)) = b(t)e=A®

Integrate both sides and keep an eye on the initial condition:
t
y(t)e ™AW — gy = / b(s)e= ) ds
to
since the function A is zero at tg. Isolate y on the left-hand side:
t
y(t) = AW <yo +/ b(s)e A ds>
to

We call this equality the (extended) Cauchy-formula.



Problem 73

By using the Cauchy-formula find the solution to the initial value problem

<
|

/ Yy 2
=+ 2t
t+

y() = 2

on the positive half line t > 0.

Hint. In this situation to = 1, yo = 2, moreover a(t) = 1/t and b(t) = 2t2. Furthermore

S

"1
A(t):/ —ds=Int
1

and accordingly

eAt) — ¢ and e~ Al = %

Substituting all these into the Cauchy-formula, we obtain

t
y(t) =t (2+/ 2sds> =t{t*+1) =1+t
1
on the positive half line. Verify this result by differentiation and direct substitution!

Problem 74
Evaluate the improper integral

Hint. For any b > 0 we have:

b

1

/ —— dx = [arctan z]g = arctanb
0 1 + $2

The limit of the arc tangent function when b — +oc0 is 7/2, therefore

< 1 T
— dr ==
/0 112272

The integrand is an even function, so we can immediately come up with the following equality :
(o]
1
/ —dr=m
oo L+

Problem 75

Take an integer n € N and evaluate the following improper integral:

In:/ z"e " dx
0

Attention, we have evaluated this integral for n =0, n = 1 and n = 2 in the lecture!

Hint. Referring to the lectures, we have seen that Ip =1, I; = 1, and I> = 2. Now take an integer n > 2,
and use integration by parts with the settings f'(z) = e™%, and g(x) = =™ respectively. Then

oo o0
0 — 7 oo — —_
In:/ a"e " dx = [—a"e ”]0 +n/ " e " dx
0 0

The value of the brackets is zero. Think about it: at the lower bound x" is zero, while at the upper
bound we get zero in view of the L’Hopital-Rule. On the other hand, the integral on the right-hand side
is precisely I,,_1. Thus, for every integer n we have

In=n-1I, 1



Since Iy = 1, this implies that I,, = n!.

Problem 76
In a similar way to the preceding problem, find the improper integral

oo AP
I, = / g lem My

where A > 0 is a given constant.

Hint. Integrate by parts, now with the settings f’(z) = 2”71, and g(x) = e=**. Then we get

I, = / P L [ A — m—e_’\g” + 7/ x—)\e"\z dx
o (n—1)! m=1!|n o (m=1l'Jy n

>\n+1

oo
= e M dy = I
n!Jo

since (just like in the previous problem) the value of the brackets is zero. On the other hand, for n =1

we have -
I = / Ae Mdr =1
0

see the lectures!. Therefore, for any integer n € N we get I, = 1.
ATTENTION!

Carry out the integration by parts in a reverse order, and make sure that we receive precisely the same
answer. We note that this result has an important application in probability theory.

Problem 77

Is the following improper integral convergent?

Ve

1 T+ a2

Hint. We can give an upper estimate on the integrand on the interval [1,00) in the following way:

NZ3 <\/§_ 1
r+a2 o 22 32

Then for an arbitrary b > 1 we obtain

b b
z 1
/ Vo 5 dr < / ——dx
] THx 1 x3/2
The integral on the right-hand side is convergent when b — oo, because in the denominator the exponent

of = is greater than 1, and the limit of the integral is 2 (see the lectures). Hence, the integral in the
original problem is convergent, and
(oo} ﬁ

1 T+ a?

dr <2

In a similar way we can find a lower estimate as well:

Vi VB 1

1
r4+a2 T 22422 2 g3/2

whenever x > 1, and consequently

Vo dm21~ idavzl
1 .T+x2 2 1 1'3/2

This inequality combined with the upper estimate yields

1< \/Egdz§2
1 Tt




Second solution. Carry out the substitution x = g(t) = t? (where ¢ > 1). Then ¢/(¢) = 2t, and for any
b > 1 we obtain

P /” M/” L
1 1

1 T+ a2 12 + 4 1+ ¢2
2 [arctan t]I/E =2 (arctan Vb — %)

(Please note the change of the bounds!) When passing to the limit b — oo the limit of the arc tangent
function is w/2. Therefore, the integral is convergent, and

<V

d
1 x4 a2 T

ATTENTION!

The first method to verify the convergence of the improper integral is much easier. Its disadvantage is,
however that it only provides an estimate and no exact value!

Problem 78

Find the sum of the following series:
>e(2)
k=1 6
Hint. For every —1 < x < 1 the sum of the geometric series is

= 1
Zxk:l—x

k=0

Taking the derivative of both sides, we have

—1 1
N (R

k=1

3

(since for k = 0 the derivative of the constant term is zero). By substituting x = 5/6 we get

Se() 15 (@) 5 e

k=1

Problem 79
Find the sum function of the power series

[ee]
St
k=1

in the open interval —1 < x < 1.

Hint. Compute the second derivative of the geometric series in the given interval:
o0
2
k(k—1)z* 2= ——
Skttt =
k=2

This is almost what we want, but we have a multiplier k(k — 1) instead of k2, and both sides have to be
multiplied by 2. Our original problem is decomposed into a sum like this:

i E*zk = 22 i E(k—1)aF 2+ 2 i kak—t
k=1 k=2 k=1

2 1 2+
_ 2 _
I T R (e A (e

since for k = 1 we have k2 = 1 as well.
ATTENTION!



Make sure that all these power series are convergent in the open interval (—1,1).

Problem 80

Determine the sum function of the power series:

e k+1
_ k—1%

Hint. Factor out z, and rewrite the series in the following form:

0 k © k
_ N T (27)
f(x)’2;2 k!*zg k!

2z

The latter is almost the Taylor-series of the function e“®*. However, the summation starts from k& = 1,
therefore the term that belongs to k = 0 is missing. Thus, we have

where inside the parentheses we subtracted the missing term.

Problem 81
Find the sum of the power series:

(We will refer to this sum in Probability Theory.)

Hint. Simplify by k and factor out z:

> k k—1

T =z N
kzzokﬁzxz(k_l)!:xe

k=1

Please observe that the last series is exactly the Taylor-series of e* (by a shift of indexing). This power
series is convergent on the entire real line.

Problem 82
Find the Taylor-series of the function f(z) = sin .

Hint. On the one hand f(0) = 0, on the other hand the even order derivatives of the sine function are
plus or minus sine, all of them are zero at the origin. That means

fE0)y=0 k=0,1,2,3,...
The odd order derivatives are plus or minus cosine, in particular:
FERFD () =cos0=1 and fO3(0)=—cos0=—-1 k=0,1,2,3,...

As a consequence, the Taylor-series will have the form:

) DEAIUNS SRl G e
k=0 ’

|
k £ (2k +1)
:L‘3 1‘5 .%'7
I TR T

Verify that this power series is convergent on the whole real line!

It can also be proven that the sum function is sinz, that is

x> a5 2T

The proof goes beyond the scope of this semester.



Problem 83

Find the Taylor-series of the function f(z) = cosz.

Hint. On the one hand f(0) = 1, on the other hand the odd order derivatives of the cosine function are
plus or minus sine, all of them are zero at the origin. That means

fEFYOY=0  k=0,1,2,3,...
The even order derivatives are plus or minus sine, in particular:
FA(0) =cos0=1 and fE*2(0) = —cos0 = —1 k=0,1,2,3,...

As a consequence, the Taylor-series will have the form:

o () I N G DL
kzzo o= Z(Qk)!xk

Verify that this power series is convergent on the whole real line!

It can also be proven that the sum function is cos x, that is

22zt S

cosle—a—i—ﬁ—a—l—...

The proof goes beyond the scope of this semester.

Problem 84

Find the power series whose sum function is f(z) = arctan .

Hint. Consider the geometric series whose ratio is —z2, where —1 < x < 1. In this case the the series is
convergent, since —1 < —z? < 0, and its sum is given by:

= 1
2\k __
Z(—x) 1422

k=0

Integrate both sides from zero to x (ATTENTION! The power series can be integrated term by term,
this is far from being trivial!):

x2k+1

oo x 1
Z(fl)kzk 7= / e dt = arctanx
k=0 + o L+

This series is convergent in the open interval (—1,1), PLEASE VERIFY!

At = 1 we obtain a series with alternating signs. Completely analogously to our earlier example (see
Chapter 2 for details) we can show that this series is convergent. This leads to the celebrated identity:

) 1+1 1+ o
3 5 7 T4

(taking into account that arctanl = 7 /4).

Problem 85

Find the critical points of the function:
fla,y) = a® — 20+ 5412

Hint. Calculate the partial derivatives and examine the system of equations:

of
dx
of
dy

= 22-2=0

2ue Y —y?e ¥ =0



The solutions are x = 1, moreover y = 0 and y = 2. Therefore, the function has two critical points, and
they are P(1,0) and Q(1,2).

It is easy to see that P(1,0) is a minimum point of the function, since at £ = 1 we have a global minimum
of the first three terms that depend only on . On the other hand, at y = 0 we have a global minimum
of the last term that depends only on y. Consequently, for any point (z,y) # (1,0) we get

fla,y) > f(1,0)

However, the other critical point Q(1,2) is not an extremum. Indeed, if a coordinate x # 1 is taken, then
f(x,2) > f(1,2). On the other hand, if pick a coordinate y # 2 for example in the interval [1, 3], then
we have f(1,y) < f(1,2). Thus, Q(1,2) is neither a minimum point, nor a maximum point.

Problem 86
Consider the function

flz,y) =/1+22+2y2 where z=g(t)=te’ and y=go(t)=e

and find the derivative of the composition function F(t) = f(g1(t), g2(t)) by applying the Chain Rule.

Hint. Find the partial derivatives of f:

of T of 2y

o et 0w iri
Then calculate the derivatives of g; and go:
Bt)=(1-te™ and  gy(t) = -2
Now apply the Chain Rule:

PO = SHo0.00)5h 0 + 5 00,0050
te~t 2e~2t

= 1—t)e " —
V14 t2e2 4 2e~ 4 ( ) V1 +t2e2t 4 24t

2e~ 2

For practicing also find the derivative of F' by a direct substitution of the functions g; and go, and by
differentiating this composition function (it is going to be somewhat complicated!). Make sure that you
get the same result.

Problem 87
Consider the function below, and find its tangent plane at the point P(1,1)

flay) = (42® —2°)V/a? + 42 +2

Hint. First calculate the partial derivatives:

of T

2L = 8?2 + 2+ (42? - 2p°)
o y ( ) RN
of ) y
2= 6y a2 +y? + 24 (da? - 2 )
9y y y ( y’) RN

At the given point P(1,1) we have

of
ox

of

(1,1)=17  and 3

(1,1) = —11

Direct substitution shows that f(1,1) = 4. Thus, the equation of the tangent plane is:
17z-1)—-11(y—1)=2—-4

and this equation could be further simplified.



Problem 88

Find the value of the parameter a, if the tangent plane to the function
fl@,y) =ayvd+ a2 +y°
at the point z = 2, y = 1 passes through the point P(3;2;13).

Hint. First find the (parametric) equation of the tangent plane. We need the partial derivatives of f that
are:

af x

= a

htl VI —
Ox /4 + 22 + 42

0
or = a\/4+x2+y2+ay$
dy VA4 + x? +y?

The values of the partial derivatives at the given point are:

0f 1 1) _ 2 of
%(2,1) =3 and 9y

a 10a
2,1)=3 - = —
(1) =3a+5 = =

Direct substitution shows that f(2,1) = 3a. Hence, the (parametric!) equation of the tangent plane is:

2 10
Ea(x—Q)—&-?a(y—l):z—Sa
If this plane passes through the point P(3,2,13), then the coordinates of the point must satisfy the

equation of the plane:

2a  10a
2L T 13—
3 + 3 3—3a

This equation has a single solution a = 13/7, which is the solution of the problem.

Problem 89

Find the critical points of the function:

2 1 zy
f($7y)—5+§+ﬁ

Hint. Calculate the partial derivatives and examine the following system of equations:

af 2y
9w = w20
af 1 T

- — _— i:O
Oy y2 + 16

The unique solution to this system is x =4 and y = 2.
Now we can argue the following way. If y = 2 is fixed, the function

2+1+x
r 2 8

has a minimum at x = 4. Similarly, if x = 4 is fixed, then the function

1y
+-+7

DO =

has a minimum at y = 2. Verify both statements by differentiation!
These arguments lead us to believe that the function has a minimum at z =4, y = 2.
ATTENTION!

This is not a proof! It might happen that the function does not have an extremum. Starting from the
critical point P(4,2) we only moved the coordinate = alone, or the coordinate y alone!

In order to prove that P(4,2) is really a minimum point, consider the function

1 2y

2



in the positive quadrant, where > 0 and y > 0. Direct substitution shows that f(4,2) = 3/2. On the
other hand, all three terms on the right-hand side are positive.

For three pieces of positive numbers a;, as and a3 the inequality for arithmetic-geometric means gives us

a1+a2+a3

3 > Yajazaz

where equality holds if and only is a; = as = a3. Now apply this inequality for the numbers

s ag = — €S as

2 1 ) _ry
T Y 16

This exactly means that f(z,y) > f(4,2) in the positive quadrant, thus P(4,2) is really a minimum
point.

Even further, in the inequality for arithmetic-geometric means equality holds if and only if

2

_ Ly
x y 16

The only solution to this system of equations is « = 4 and y = 2. Therefore, for every point (x,y) # (4,2)
in the positive quadrant

flz,y) > f(4,2)

We conclude that P(4,2) is a strict global minimum point of f in the positive quadrant. (Remark that
this last result was exclusively based on the inequality for arithmetic-geometric means. So, the problem
can be solved even without differentiation.)

Problem 90
Determine the value of the parameter a, if the tangent plane to the function
f(z,y) = azy/A+ 22 +y> -9

at P(2,1) passes through the point Q(4,0, 3).

Hint. First find the partial derivatives:

of x
= = ayV4+ 22+ +ary—m———
Ox /4 + 22 + 42

0
or = ax\/4+z2+y2+a:ry$
ay ’4+x2+y2

At the given point P(2,1) we have

af 4a  13a af 2a  20a
-(2,1) = - = d  —==(2,1)= ===
695(’ ) =3a+ 3 3 an By(7 ) = 6a + 3 3

Direct substitution shows that f(2,1) = 6a — 9. Hence the (parametric!) equation of the tangent plane:

130
3

200

(r—2)+ 3 (y—1)=2z—6a+9

If this plane passes through Q(4,0,3), then the coordinates of the point must satisfy the equation of the

tangent plane:
2
6a  20a 19— 6a
3 3

The only solution to this equation is @ = 3/2, which is the solution to the problem.



Problem 91
Decide whether the statement is TRUE or FALSE.

e If a, — 0 and b, are sequences, then a,b, — 0.

e The tangent line to the graph of the function f(z) = 2zlnz at * = 1 passes through the point
P(3;6).

e If f is continuous on the interval [0, 1], then takes its minimum in the interval.
e A function is continuous on the interval [0, 1], if it has a limit at every point.

e Suppose a function f is differentiable in the open interval (a,b). The function f has a minimum at
an interior point xg if and only if f’(z¢) = 0.

e Suppose f is twice differentiable in the open interval (a,b). Then f is concave if and only if f/(z) <0
at every point in the interval.

e If f is differnetiable at the point xg, then f is continuous at .

o If f is strictly monotone increasing on the real line, then at every point f’(z) > 0.

e If the sequence b, is bounded, and a,, — 0, then lim,,_, o, a,b,, = 0.

o If f is twice differentiable, and z is a local maximum point, then f/(zg) =0 és f”(zo) < 0.
e If f is continuous on the interval [0, 1], then it is bounded on [0, 1].

e The tangent line to the graph of the function f(z) = —2x+41nx at = 1 passes through the point
P(3;-2).

e A function is continuous on [0, 1] if and only if it has a left-hand limit and right-hand limit at every
point of the interval, and two limits coincide.

e A sequence is convergent if and only if it is monotone and bounded.
e A series with positive terms is convergent if and only if the sequence of partial sums is bounded.
e The sum function of a power series is continuous in the interval of convergence.

e If | f| is continuous on the interval [a, b], then so is f.



